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Let k be a totally real number field of degree n over Q with ring of integers Ok .
The Hilbert modular variety of k is a desingularization of the (natural) compac-
tification of PSL2(Ok)"Hn. This paper focuses on Hilbert modular varieties of
Galois quartic fields containing units of norm &1. The main result is that each of
these varieties has arithmetic genus greater than one and hence is not rational.
 1997 Academic Press
1. INTRODUCTION
Let k be a totally real algebraic number field of degree n over Q with
ring of integers Ok . For i=1, ..., n and a # k, let a [ a(i) be the i th embedd-
ing of k into the real numbers. The Hilbert modular group of the field k
is defined by 1k=PSL2(Ok)=SL2(Ok)[\I]. The group SL2(Ok) acts on
Hn, the product of n copies of the complex upper half plane, by
Mz=\a
(1)z1+b(1)
c(1)z1+d(1)
,
a(2)z2+b(2)
c(2)z2+d(2)
, ...,
a(n)zn+b(n)
c(n)zn+d(n)+
where M=( ac
b
d) # SL2(Ok), and z=(z1 , z2 , ..., zn) # H
n. This gives a
well-defined, effective action of 1k on Hn.
The quasi-projective complex variety 1k"Hn is compactified in a natural
way by adding hk points where hk is the class number of k. The resulting
compact variety can be desingularized to form a compact, non-singular
complex variety called the Hilbert modular variety of k. See [8, 14] for a
more detailed discussion.
Hirzebruch, van de Ven, and Zagier [6, 7] showed that exactly ten
quadratic fields k have Hilbert modular varieties that are rational (i.e.
birationally equivalent to complex projective space). Weisser [17] showed
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that at most four Galois cubic fields have rational varieties and the author
[5] proved that any cubic field (Galois or non-Galois) with a rational
Hilbert modular variety must have discriminant less than 2.12_107. Keqin
[10] showed that at most one Galois quintic field has a rational variety.
More generally, Tsuyumine [13] proved that only finitely many Hilbert
modular varieties are rational and that all of dimension greater than six are
of general type.
Noticeably absent from the above are results specifically concerning
quartic fields. This paper rectifies this by presenting a large class of quartic
fields with nonrational Hilbert modular varieties. As with most of the work
in other dimensions, the focus here is on Galois extensions.
The main result is given in the following theorem.
Theorem 1. For any totally real Galois quartic number field, k, containing
a unit of norm &1, the Hilbert modular variety of k has arithmetic genus
greater than one and therefore is not rational.
In Section 2, an upper bound is obtained for the discriminant of a quartic
field containing a unit of norm &1 with Hilbert modular variety of
arithmetic genus one. This proves Theorem 1 for all but finitely many fields
which are then enumerated in Section 3. Section 4 is a discussion of
methods for counting equivalence classes of elliptic fixed points under the
action of 1k . In Section 5 these counting methods are used in proving that
the Hilbert modular variety of each of the remaining fields has arithmetic
genus greater than one. This completes the proof of the main theorem.
2. THE ARITHMETIC GENUS
In this section, the arithmetic genus (in the sense of Hirzebruch [9]) is
used to obtain an upper bound for the discriminant of a quartic field
containing a unit of norm &1 with rational Hilbert modular variety. The
starting point is Lemma 2, below, which is derived from the work of
Hirzebruch [8] and Vigne ras [15]. Let ‘k be the Dedekind zeta function
and ar be the number of equivalence classes of elliptic fixed points in Hn
under the action of 1k with isotropy subgroup of order r.
Lemma 2. For a totally real algebraic number field k of degree n over Q
containing a unit of norm &1, the arithmetic genus of the Hilbert modular
variety of the field k is given by
/(k)=2&n \2‘k(&1)+ :r2
(r&1)
r
ar + .
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Since the arithmetic genus of a rational variety is 1, if /(k)>1 then the
Hilbert modular variety of k is not rational.
Proposition 3. Given k a totally real quartic number field containing a
unit of norm &1, if the discriminant dk10794, then the Hilbert modular
variety of k has arithmetic genus greater than one and hence is not rational.
Proof. First note that for any k, i is an elliptic fixed point of order at
least 2 fixed by ( 01
&1
0 ) and (&1+i - 3)2 is an elliptic fixed point of order
at least 3 fixed by ( &11
&1
0 ).
From Lemma 2 it follows that for any quartic number field k
/(k)=2&4 \2‘k(&1)+ :r2
(r&1)
r
ar+
2&4 \2‘k(&1)+12+
2
3+
=
1
8
‘k(&1)+
7
96
. (1)
It follows from the functional equation for the Dedekind zeta function that
‘k(&1)= 116 ?
&8d32k ‘k(2).
Since ‘k(2)>‘(8)=?89450,
‘k(&1)> 1151200 d
32
k . (2)
Combining Eqs. (1) and (2) with the assumption that dk10794 yields
/(k)>1 as required. Finally, since rational varieties have arithmetic genus
one, it follows that the Hilbert modular variety of k is not rational. K
It should be noted that since Lemma 2 requires the existence of a unit of
norm &1, the bound given in Proposition 3 says nothing about the case
where all units are of norm 1. For the results of this paper to be extended
to such fields, an entirely different approach will be needed.
3. REMAINING FIELDS
In this section the totally real Galois quartic fields with discriminant less
than 10794, containing a unit of norm &1 are enumerated. Five such fields
are given in Table I. For the first four, the fact that they contain units of
norm &1 follows from [11] in which fundamental units for these fields are
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TABLE I
Galois Quartics with dk<10794 Containing a Unit of Norm &1
Discriminant Field Galois Group
1600 Q(- 3+- 5) Z2_Z2
2048 Q(- 2+- 2) Z4
4225 Q(- 117+52 - 5) Z2_Z2
4913 Q(- 17+4 - 17) Z4
7225 Q(- 153+68 - 5) Z2_Z2
given. For the remaining field, an easy computation shows that
1+ 12 - 22+2 - 85 is a unit of norm &1 in Q(- 153+68 - 5).
Lemma 4. The five fields listed in Table I are the only totally real Galois
quartic fields containing a unit of norm &1 with discriminants less than
10794.
Proof. Lists of totally real quartic fields of least discriminant [1, 3]
combined with standard methods for computing Galois groups, show that
there exist exactly seven other Galois quartic fields with discriminants less
than 10794. For the four with discriminant less than 5000, fundamental
units can be found in [11], so it is easy to check that none of them has
a unit of norm &1. This leaves the three fields with discriminants greater
than 5000. Theorem 3 of [2] can be used to show that neither of the first
two of these has a unit of norm &1.
It remains to show that the quartic field of discriminant 8000, k=
Q(- 5+- 5), contains no unit of norm &1. Suppose to the contrary that
= is a unit in Ok of norm &1. Then there exist rational integers a, b, c, d
such that
==
a+b - 5
2
+
c+d - 5
2
- 5+- 5.
Taking the norm of each side, multiplying by 16, and reducing modulo 5
results in a4#&1 (mod 5), a contradiction. K
4. ELLIPTIC FIXED POINTS
It follows from Lemma 2 that larger lower bounds on the values of the
ar imply an improved lower bound on the arithmetic genus. In this section
a formula provided by Prestel [12] for counting equivalence classes of
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elliptic fixed points is discussed. In Section 5, the formula is used in
completing the proof of Theorem 1.
Prestel proved a one-to-one correspondence between equivalence classes
of elliptic fixed points and conjugacy classes of orders of the form
k$ & M2(Ok) that contain an elliptic matrix where k$ is a totally imaginary
quadratic extension of k in the ring of 2_2 matrices over k, and M2(Ok)
is the set of 2_2 matrices with entries in Ok . Under this correspondence,
the equivalence class of an elliptic fixed point fixed by a matrix E with non-
trivial action is mapped to the conjugacy class of the order k[E] & M2(Ok).
Let l (s, n) be the number of conjugacy classes of orders of the type
above containing an elliptic matrix, E, with trace s and determinant n.
Then k$=k[E]$k(- s2&4n). Let Ek and Ek$ be the groups of units and let
hk and hk$ be the class numbers of Ok and Ok$ respectively. Let a0 be the
ideal of Ok such that
a20 $=(s
2&4n) Ok , (3)
where $ is the relative discriminant of k$ over k. The ideal a0 is also charac-
terized as being the smallest ideal in Ok satisfying the properties:
a20 | (s
2&4n) Ok (4)
a20 | (c
2&cs+n) Ok for some c # Ok . (5)
Any order O of k$ containing an element E with trace s and determinant
n is of the form
O=Ok a&10 a(E&c) (6)
for some a | a0 with c as in Condition (5) above. Let w(a) be the order of
the fixed point corresponding to O. For p a prime ideal in Ok , let (k$p) be
the Artin symbol, i.e., (k$p)=0 if p splits in k$, (k$p)=0 if p ramifies in
k$, and (k$p)=&1 if p remains prime in k$.
Theorem 5 (Prestel [12]).
l (s, n)=
[Ek : E
2
k] hk$
2[Ek$ : Ek] hk
:
a | a0
w(a) NkQ(a) ‘
p | a \1&\
k$
p + NkQ(p&1)+ . (7)
Since E is of finite order in k[E], E must be a root of unity. So
k[E]$k(|m) for some m>2 where |m=e2?im. Further, E # 1k implies
that n=1 and by [17] s=|m+|&1m with the order of E being m if m is
odd or m2 if m is even.
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For any totally real quartic field, [Ek : E
2
k]=16. Letting W denote the
group of roots of unity in k$, the unit index is defined by Q=[Ek$ : WEk].
Thus, [Ek$ : Ek]=Q[WEk : Ek]= 12Q |W|, and so
[Ek : E
2
k] hk$
2[Ek$ : Ek] hk
=
16
Q |W|
hk$
hk
. (8)
Notice that k$ is a CM-field, and so Q=1 or 2 and hk divides hk$ which
implies that hk$hk1. (See, for example, [16].)
Now, k quartic over Q implies that k$ k(|m) is of degree 8 over Q.
Hence ,(m)=[Q(|m) : Q] must divide 8. So
m # [3, 4, 5, 6, 8, 10, 12, 15, 16, 20, 24, 30].
Further, if m # [15, 16, 20, 24, 30], then ,(m)=8 and so k(|m)=Q(|m).
This only occurs when k=Q(|m) & R. The field Q(- 2+- 2)=
Q(|16) & R is the only one of this type in Table I. By considering quadratic
subfields, it is easy to show that if m=5 or 10, then - 5 # k; if m=8, then
- 2 # k; and if m=12, then - 3 # k. Applying these observations to the
fields in Table I, all possible values of m can be determined. These are
recorded with the corresponding values of r (where r is the order of the
elliptic fixed point) in Table II below.
Lemma 6. Let k be a totally real Galois quartic field with discriminant
dk . If 2 |% dk , then l (0, 1)8. If 3 |% dk , then l (1, 1)8.
Proof. Consider l (0, 1). k$ k(i). By Eq. (3), a20$=4Ok . The ideal 2Ok
is square-free in Ok , so every factor of 2Ok is ramified in Ok$ . Thus 2Ok | $
and therefore a0=Ok . Letting a=Ok in Eq. (6), the order O=Ok$ which
contains i, a primitive fourth root of unity. So O corresponds to a fixed
point of order 42=2. Hence w(Ok)=2. Using the same argument as in [4,
Theorem 3], if Q{1 then the ideal (2) must ramify in k. Hence, Q=1.
Combining Eqs. (7) and (8),
l (0, 1)=
16
Q |W|
hk$
hk
w(Ok) N(Ok)
16
4
} 2=8.
For l (1, 1), k$ k(|3). a20 $=3Ok . The ideal 3Ok is square-free in Ok , so
a0=Ok . Using Eq. (6), w(Ok)=3. Again, using the same argument as in [4,
Theorem 3], 3 |% dk implies that Q=1. Thus,
l (1, 1)=
16
Q |W|
hk$
hk
w(Ok) N(Ok)
16
6
} 3=8. K
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TABLE II
Values of m and r for the Remaining Fields
Discriminant Values of m Values of r
1600 3, 4, 5, 6, 8, 10 2, 3, 4, 5
2048 3, 4, 6, 8, 16 2, 3, 4, 8
4225 3, 4, 5, 6, 10 2, 3, 5
4913 3, 4, 6 2, 3
7225 3, 4, 5, 6, 10 2, 3, 5
5. COMPLETING THE PROOF
In this section, it is proved that no totally real quartic number field k
containing a unit of norm &1 with dk<10794 has a rational Hilbert
modular variety. Specifically, in Propositions 711 it is shown that for each
of the fields in Table I the Hilbert modular variety has arithmetic genus
greater than 1. This combined with Proposition 3 completes the proof of
Theorem 1.
Proposition 7. The Hilbert modular variety of the quartic field of
discriminant 1600, k=Q(- 3+- 5), has arithmetic genus greater than one
and therefore is not rational.
Proof. From Table II, ar=0 unless r # [2, 3, 4, 5].
An elliptic matrix of order 2 has trace 0; of order 3, trace \1; of order
4, trace \- 2; of order 5, trace \(1\- 5)2. Any order, O, correspond-
ing to an elliptic matrix of order 4 will contain elliptic matrices with traces
\- 2 and 0. Thus, l (- 2, 1)=l (&- 2, 1)=a3 and since l (0, 1) also
counts orders corresponding to elliptic fixed points of order two, l (0, 1)=
a2+a4 . Thus,
l (0, 1)=a2+a4 ,
l (1, 1)=a3 ,
l (- 2, 1)=a4 ,
l \1+- 52 , 1+=a5 .
To compute l ((1+- 5)2, 1), note that k$ k(|5) and by Eq. (3),
a20 $=
&5+- 5
2
Ok=- 5 Ok .
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Since (5) is inert in Q(- 2), a subfield of k, - 5 Ok is prime in Ok . Hence
a0=Ok . By Eqs. (7) and (8),
a5=l \1+- 52 , 1+=
16
Q |W|
hk$
hk
w(Ok) N(Ok)
16
20
} 5=4. (9)
By Lemma 6,
a3=l (1, 1)8. (10)
For l (- 2, 1) and l (0, 1), k$ k(i). Consider l (- 2, 1). By Eq. (3),
a20 $=2Ok=(- 2 Ok)2 with - 2 Ok prime in Ok . Since - 2 Ok ramifies in Ok$ ,
${Ok . Hence a0=Ok and $=2Ok .
a4=l (- 2, 1)=
16
Q |W|
hk$
hk
w(Ok) N(Ok)
16
16
} 4=4. (11)
Finally, consider l (0, 1). a20$=4Ok . From above, $=2Ok and so a0=
- 2 Ok .
l (0, 1)=
16
Q |W|
hk$
hk _w(Ok) N(Ok)
+w(- 2 Ok) N(- 2 Ok) \1&\ k$- 2 Ok+ N((- 2 Ok)
&1)+& .
When a=Ok in Eq. (6), the order O=Ok$ which contains |8 . So O corresponds
to a fixed point of order 82=4. Hence w(Ok)=4. Similarly, the order corre-
sponding to a=- 2 Ok corresponds to a fixed point of order 2. So
w(- 2 Ok)=2. Thus
a2+a4=l (0, 1) 1616 (4+2 } 4(1&0))=12. (12)
Returning to Lemma 2,
/(k)=
1
16 \2‘k(&1)+
a2
2
+
2a3
3
+
3a4
4
+
4a5
5 +
=
1
16 \2‘k(&1)+
a2+a4
2
+
2a3
3
+
a4
4
+
4a5
5 + .
Combining this with Eq. (2) and Eqs. (9)(12), yields
/(k)> 116 (2 }
1
151200 1600
32+ 122 +
16
3 +
4
4+
16
5 )>1,
as required. K
54 H. G. GRUNDMAN
File: 641J 207409 . By:DS . Date:21:03:97 . Time:09:25 LOP8M. V8.0. Page 01:01
Codes: 2695 Signs: 1173 . Length: 45 pic 0 pts, 190 mm
Proposition 8. The Hilbert modular variety of the quartic field of
discriminant 2048, k=Q(- 2+- 2), has arithmetic genus greater than one
and therefore is not rational.
Proof. Notice that k=Q(|16+|&116 ). From Table II, ar=0 unless
r # [2, 3, 4, 8]. It is straightforward to verify that
l (0, 1)=a2+a4+a8 ,
l (1, 1)=a3 ,
l (- 2, 1)=a4+a8 ,
l (- 2+- 2, 1)=a8 .
By Lemma 6, a3=l (1, 1)8.
For l (0, 1), l (- 2, 1), and l (- 2+- 2, 1), k$ Q(|16). Using the
theory of cyclotomic fields, [Ek$ : Ek]=8 and $=p2 where p=
(- 2+- 2) Ok . Further, hk$ hk=1.
Consider l (- 2+- 2, 1). a20$=(2+- 2) Ok=$. Hence a0=Ok . So
a8=l (- 2+- 2, 1)=
16
Q |W|
hk$
hk
w(Ok) N(Ok)=8.
Next consider l (- 2, 1). a20$=2Ok=p4, so a0=p=(- 2+- 2) Ok . Since
p ramifies in Ok$ , (k$p)=0. Thus
a4+a8=l (- 2, 1)=w(Ok) N(Ok)+w(p) N(p).
The order O in Eq. (6) corresponding to the ideal Ok is Ok$ , which contains
|16 . Hence w(Ok)=8. The order corresponding to p corresponds to an
elliptic fixed point of order 4. Thus, w(p)=4. So a4+a8=8 } 1+4 } 2 and
therefore, a4=8.
Finally consider l (0, 1). a20$=4Ok=p
8, so a0=p3. Thus
a2+a4+a8=l (0, 1)
=w(Ok) N(Ok)+w(p) N(p)+w(p2) N(p2)+w(p3) N(p3).
Since w(Ok)=8, w(p)=4, and w(p2)=w(p3)=2,
a2+a4+a8=8 } 1+4 } 2+2 } 4+2 } 8=40.
Thus a2=24.
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By Theorem 2,
/(k)=
1
16 \2‘k(&1)+
24
2
+
2 } 8
3
+
3 } 8
4
+
7 } 8
8 +>1. K
Proposition 9. The Hilbert modular variety of the quartic field of
discriminant 4225, k=Q(- 117+52 - 5), has arithmetic genus greater than
one and therefore is not rational.
Proof. From Table II, ar=0 unless r # [2, 3, 5]. Thus, l (0, 1)=a2 ,
l (1, 1)=a3 , and l ((1+- 5)2, 1)=a5 . By Lemma 6, a2=l (0, 1)8 and
a3=l (1, 1)8. For l ((1+- 5)2, 1), a20$=- 5 Ok which is prime in Ok .
So a0=Ok and
a5=l \1+- 52 , 1+=
16
Q |W|
hk$
hk
w(Ok) N(Ok)
16
20
} 5=4.
Using Lemma 2 and Eq. (2),
/(k)>
1
16 \2
1
151200
422532+
8
2
+
2 } 8
3
+
4 } 4
5 +>1.
Proposition 10. The Hilbert modular variety of the quartic field of dis-
criminant 4913, k=Q(- 17+4 - 17), has arithmetic genus greater than one
and therefore is not rational.
Proof. From Table II, ar=0 unless r # [2, 3]. Therefore, l (0, 1)=a2
and l (1, 1)=a3 . By Lemma 6, a3=l (1, 1)8 and a2=l (0, 1)8.
Recalling the Euler product for the Dedekind zeta function and noting
that (2) splits completely in Ok ,
‘k(2)=‘
p \1&
1
N(p)2+
&1
>‘
p | 2 \1&
1
N(p)2+
&1
=\43+
4
.
Thus,
‘k(&1)>
1
16
?&8491332 \43+
4
>7.
Applying Lemma 2,
/(k)>
1
16 \2 } 7+
8
2
+
2 } 8
3 +>1. K
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Proposition 11. The Hilbert modular variety of the quartic field of
discriminant 7225, k=Q(- 153+68- 5), has arithmetic genus greater than
one and therefore is not rational.
Proof. From Table II, ar=0 unless r # [2, 3, 5]. Thus, l (0, 1)=a2 ,
l (1, 1)=a3 , and l ((1+- 5)2, 1)=a5 . By Lemma 6, a2=l (0, 1)8 and
a3=l (1, 1)8.
For l ((1+- 5)2, 1), a20$=- 5 Ok which is prime in Ok . So a0=Ok and
a5=l \1+- 52 , 1+=
16
Q |W|
hk$
hk
w(Ok) N(Ok)
16
20
} 5=4.
Returning to Lemma 2 and Eq. (2),
/(k)>
1
16 \2
1
151200
722532+
8
2
+
2 } 8
3
+
4 } 4
5 +>1. K
This completes the proof of Theorem 1.
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